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I. Introduction

This document gies a lrief description of the estimation methods for population type data that can be
used with NONMEM Version VThese include, in particulaa few nmethods that are mewith this ver-

sion, the centered and hybrid method$ie more important changes from the earlier edition published in
1992, lut not all changes, are highlighted with the use of vertical bars in the rigginmdaris docu-

ment contains no information abouthto communicate with the NONMEM program.

To read this document it may be helpful torbda@me familiarity with the notation used with the repre-
sentation of statistical models for the NONMEM program. See discussions of models in NONMEM
Users Guide - Part |, but if orseinterest is only in using NONMEM with PREDPRe discussions of
models in NONMEM Users Guides - Parts V and YPeticular notation used in this Guide VII isvgn

next.

The jth observation from the ith indidual is denoted;y Each individual may hae a dfferent number

of obserations. Eaclobsenation may be measured on &elient scale: continuous, categorical, ordered
categgorical, discrete-ordinal.t An individual can Veanultivariate obserations, each of diérent
lengths. Havever, the multvariate nature of an observation is suppressed, as this is nantee the
descriptions gien in this document, and so the separate (saalred) observations comprising the mul-
tivariate observations are all separately wateby j. Each multvariate obseration may hee a dfferent
length. Thevector of all the observations from the ith individual is denoted y

It is assumed that there exists a separate statistical model for eadiiy model is called the
intraindividualmodel, or the individual modelfor the ith indvidual. Itis parameterized by, a (vector-
valued) parameter common to all the separate intraindividual modelg; aam{lector-valued) parameter
specific to the intraindividual model for.yUnder this model, the likelihood gf for the data y(condi-
tional ony) is denoted by;(n;; @), the dependence on lyeing supressed in the notation. Thislik
hood is called here the conditiori&kelihood of ; .

When all the elements of gre measured on a continuous scale, an often-used intraindividual model is
given by the multvariate normal model with mean,(i;; ) and variance-ceariance matrix @n;; ¢)
(usually, ¢ is comprised of parametegswhich are the only ones affecting, Bnd other parameters
which, along withg, affect G).tt Thistype of model shall be referred to as the meamancemodel.

It is usually e&pressed in terms of a muwiriate normal ector ¢ with mean 0 and ariance-cwariance
matrix 2. In the notation used here, the parameténcludesX (ignoring the matrix structure &f). For
example,

yi = fij(mi; ) + fi(mi; O)gy

whereg; is an instance of a wariate normal ariables with variancez = o?. (Whene is multivariate,
the observationyis modeled in terms of a single instance of this wariate random ector A few
other observations as well may be modeled in terms ofém®instance, and thus under the model, all
such obsemtions are correlated and comprise a marftite obseration.) Inthis example, Hz;; 6) is
fi(ni; 6) (the mean of y), and G;;(m;; ¢) is fj(ni; 6)°0” (the variance of j). Sincethe ratio of the

T This document provides a description of estimation methods that can be used withtmlvseof the
same or different typeHowever, essentially it neither contains anspecific information about voto ana-
lyze observations of particular types, noy anformation about he to communicate with NONMEM in
order to do this.

tT Here and elsewhere in this section gplieit assumption concerning the normal probablility distrib

tion is made.This is done primarily to keep the discussion simfle.various degrees in different situa-

tions the normality assumption does not play as important a role as our formally making the assumption
might indicate.
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standard deviation ofjyto the mean ofjyis the constant, this particular model is called the constant
coefficient of variation model.

The dependence of, @n 5, is often a consequence of the intraundiial variance depending on the mean
function, as with the alve example, which in turn depends gn This dependence represents an inter
action betweer; ande. With the (homoscedastic) model expressed by

i =fij(ni; 8) + &

there is no such interaction;;@;; ¢) is just o?. There are tw variants of the first-order conditional
estimation method described in chapter I, one that takes this interaction into account and another that
ignores it.

When an intraindividual modelvnlving ¢ is presented to NM-TRAN (the "front-end” of the NONMEM
system), the model is automatically transform@dinearization of the right side of the equation is used:
a first-order approximation ig; about O, the mearaiue ofe;. Since the approximate model is linear in
gj, itis a mean-ariance model.Clearly, if the gven model is itself a meanariance model, the trans-
formed model is identical to thevgn model. Considerfor example, an intraindividual model where the
elements of yare rgaded as lognormally distributed (because the normally dig&ttz; appear as log-
arithms):

yii = fij(mi; 6) exp (g;)

In this case the transformed model is the constant cv mogel @ove. (Therefore, no matter whether
the gven intraindvidual model or the constant cv model is presented to NM-TRAN, the results of the
analysis will be the same.)

Alternatively, the user might be able to transform the data so that a nag@mae model applies to the
transformed data, which can then be presented directly to NM-TRANh the abwe example, and
using the log transformation on the dafg &n gpropriate mean-variance model to present to NM-
TRAN would be

yi =log fi(ni; 8) + &

(Actually, NM-TRAN allows one to explicitly accomplish the log transformation of both the data and the
fj.) Theresults of the analysis differ depending on whether or not the log transformation isNigied.

out the log transformation, the values of therfe rgaded as arithmetic means (under the approximate
model obtained by linearizing), and with the log transformation, these valuegadedeas geometric
means. Usef the log transformation (when this can be done; when there arg arofywith value 0)

can often lead to a better analysis.

It is also assumed that as widuals are sampled randomly from the population,/thare also being
sampled randomly (and statistically independently), although these values are nalidéserkievalue

n; is called the randormterindividualeffectfor y;. It is assumed that the, are instances of the random
vector 7, normally distributed with mean 0 anédnance-cuariance matrixQ. The density function of
this distribution (ab) is denoted by hf; Q).

Often, some quantity P (viewed as a function of values of thaiates and the;) is common to difer-

ent intraindividual modelsFor example, a clearance parameter may be common to different intraindi-
vidual models, but its value differs between different intraindividual models because the values of the
covariates and the; differ. The randomness of thg in the population induces randomness .inTRe
guantity P is said to be a randondigpersegarameter When speaking of its distribution, we are imag-
ining that the values of the wariates are fixed, so that indeed, there is a unique distribution in question.

From the abee assumptions, the (marginal) likelihood@fandQ for the data yis given by

Liw, Q) :_[ li(7; @)h(n; Q)dn (1)
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In general, this integral is difficult to compute exaciiye likelihood for all the data is\gn by
Lg, Q) =T] Li(y, Q) )
|

The first-order estimation method was the first population estimation metht@bke with NONMEM.

This method produces estimates of the population parangetard Q, but it does not produce estimates

of the random interindividual f&fcts. Anestimate ofy; is nonetheless obtainable, conditional on the
first-order estimates fagy andQ (or on ary other values for these parameters), by maximizing the empir
ical Bayes posterior density 9f, given yi: [l;(n; ¢)h(n; Q)J/L;(w, Q), with respect tg. In other words,

the estimate is the mode of the posterior digtidm. Sincethis estimate is obtained after values gor
andQ are obtained, it is called the posthestimate. When a mean-variance model is used, and a re-
quest is put to NONMEM to compute a posthoc estimate, by default this estimate is computed using
Ci(w, 0). Inother words, the intraindividuahviance-cwariance is assumed to be the same as that for the
meanindividual , the hypothetical individual having the mean interindividual effect, 0, and sharing the
same values of the eariates as has the ith indgilual). Hovever, it is dso possible to obtain the posteri-

or mode without this assumption.

The posterior density can be maximized usinggiven values fory andQ. Since the resulting estimate
for n; is obtained conditionally on these values, it is sometimes called a condistinahteat these al-
ues, to emphasize its conditional nature.

In contrast with the first-order method, the conditional estimation methods to be described produce esti-
mates of the population parameters aighultaneouslyestimates of the random interindividuafesfts.

With each different method, a fdifent approximation to the likelihood function (1) is used, and (2) is
maximized with respect tp andQ. The approximation to (1) at thaluesy andQ depends on an esti-
mates;, and as this estimate itself depends on taleiesy andQ, the approximation ges rise to a fur

ther dependence of bn the values aff andQ, one not expressed in (1 onsequentlyas dfferent \al-

uesy andQ are tried, different estimates are obtaineds a part othe maximization of (2). The esti-
matess; at the aluesy andQ that maximize (2) constitute trestimatesof the randominterindividual
effectsproducedoy the method(except for the hybrid methodt). The estimgtalso depends on,yend

so, the approximation ggs rise to a further dependence ¢fdn y;, one also not expressed in (1).

In contrast with the first-order method, a conditional estimation metloly@s multiple maximizations
within a maximization. The estimatg is the value ofy; that maximizes the posterior distribution/pf
given y; (except for the hybrid methodtt}or each different value af andQ that is tried by the maxi-
mization algorithm used to maximize (2), firstaluer; is found that maximizes the posterior digtrib
tion given y,, then a aluer; is found that maximizes the posterior distributiovegiy,, etc. Therefore,
maximizing (2) is a very dicult and CPU intense task. Thenumerical methods by which this is
accomplished are not described in this document.

Fortunately it often sufices to use the first-order method; a conditional estimation method is not needed,
or if it is, sometimes it is needed only minimally during the course of a data an&ysige guidance is

given in chapter lll. Briefly, the need for a conditional estimation method increases with the degree to
which the intraindividual models are nonlinear in the Population pharmacokinetic models are often
actually rather linear in this respect, although the degree of nonlinearity increases with the degree of mul-
tiple dosing. Population pharmacodynamic models are more nonlifibarpotential for a conditional
estimation method to produce resultsatént from those obtained with the first-order estimation method
decreases as the amount of data pewiithdidl decreases, since a conditional estimation method uses

T After obtaining the population parameter estimates with the hybrid method (see chapter 11), NONMEM
ignores the estimates of thethat hae been produced simultaneously with the population parameter esti-
mates, and as with the first-order method, the posthoc estimates (descrimdiabtne ones reported as

the estimates of the random interindividual effects.

t1 With the hybrid method, a constrained maximum is computed.



Conditional Estimation Methods - Chapter | Introduction

conditional estimates of the, which are all shrunken to 0, and the shrinkage is greater the less the
amount of data per inddual. Mary population analyseswolve little amounts of data per individual.

The conditional estimation methods that arailable with NONMEM and which are described in chap-

ter Il are: the first-order conditional estimation method (with and without interaction when arean-v
ance models are used, and with or without centering), the Laplacian method (with and without centering),
and the hybrid method (a hybrid between the first-order and first-order conditional estimation methods).
For purposes of description here and in other NONMEM Users Guides, the term conditional estimation
methods refers not only to these population estimation methaidalso to methods for obtaining condi-
tional estimates themselves.

To summarize, each of the (population) conditional estimation methatt/@s maximizing (2), tt
each uses a different approximation to (Actually, =2 log L is minimized with respect tg and Q.

This is called the objeett function. Its minimum value serves as a useful statistic for comparing mod-
els. Standareérrors for the estimates (indeed, an estimated asympéstanee-cuariance matrix for all

the estimates) is obtained by computing\dines of the objectie function.
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Il. Methods

A. Estimation Methods

A.l. TheLaplacian Method

Let ®;(n) be -2 log (¢, n), and letl;(n) and A;(7) be he gradient (column)ector and hessian matrix,
respectiely, of @; evduated aty. An goproximation to-2 log L; is given by

® +log Q] + loglQ™ + LA+ A'Q5 - A6+ QY@ + 14)TET + Q)

wheresj; is some estimate of, and ®;, I, and Ai ared;, I';, and A; all evaluated atj;. This results from
applying a general approximation approach to integrals, w@ttble to the French mathematician
Laplace, and described by De Bruijn (196%ith /7; equal to the conditional estimate obtained by maxi-
mizing the posterior density @f (in an unconstrained manner) - call this the unconstrainaditional
estimate, this particular approximation has been used by others (yin@@80); Mosteller and llace
(1964)), although not with a functiopthat is as complicated as that which often arises in population
pharmacokinetic and pharmacodynamic analyses. See #&soy ahd Kadane (1986). In this particular
case, the last term of the approximation isi® general, the approximation can produce reasonable re-
sults as long the posterior distributionpfis dominated by a single mode. On occasion, a randomly dis-
persed parameter seems toéha miltimodal distrilution. Seethe discussion in section B concerning
mixture models for a way to address this issue.

Each of the estimation methods uses a different variant of this approximgtibevever, with whatever
variant is used, when in particujahe 7, are taken to be conditional estimates of thaty andQ, the
general method described in chapter | becomes what we call a condistinrationmethod.When the
approximation is used just as it is statedvaband when thej; are talen to be the unconstrained condi-
tional estimates, the method is called the Laplaestimationmethod, to honor the indridual whose
approximation plays such an essential rot#@wever, the method itself wolves an idea which is peculiar
to NONMEM implementation.Namely the approximation to L (the likelihood function @fandQ), re-
sulting from using the Laplacian approximation, is maximized.

When mean-a&riance models are used, the assumption can be made that each intraindividnabv
covariance matrix @n;; ¢) is actually given by C;(0; ¢), the matrix for the mean inddual. Wth this
particular assumption, there is said to beyne-interaction; see chapter [.The ®; are computed diér-

ently, depending on whether ay e-interaction is assumed, as are the posterior modéth mean-ari-

ance models, by dafilt, NONMEM implements the Laplacian method assuming that thererjiserio-
teraction. Vith the currently distrioted NONMEM code it is possible to apply the Laplacian method
when there is an, e-interaction, but this code and its usage are not supported by the NONMEM Project
Group.

A.2. The FOCE Method

The matrix4; can be approximated by another matrix. Supposengi;, y; is comprised of statistically
independent swigctors Y1), Yi2), €c., so that®; can be written as a sunves terms @y, Pj,), €c.
Then each of’; andA; can be written as a sunves terms[q), i), €tc. anddyy, L), Ec., respec-
tively. An goproximation A; to 4; is obtained by replacing eacly in the sum ford; by
Nigy = % M Tar- This is a type of first-order approximation; termegolaing second devetives have
been dropped. It is called the first-or@gproximation. With this approximation, and when all the
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are taken to be equal to the unconstrained conditional estimatessgf e method is called the first-
orderconditionalestimation(FOCE) method.

Actually, NONMEM allows the implementation ofral versions of this method.

. When a mean-variance intrainiual model is used, by d&flt, A is replaced by
%E(Fi(k)'r(i)k), where E represents the expectatioer ¢; under the intraindividual modeWith
the currently distributed NONMEM code it is possible to use the FOCE method without doing this,
but this code and its usage are not supported by the NONMEM Project Group.

. The first-ordeiconditionalestimationrmethodwithout interactionis the FOCE method applied with
intraindividual mean-variance models and assuming fminteraction. Wherihe intraindvidual
variance is assumed to be homoscedastic, and v@rdo be he same across individuals, then
there is noy, e-interaction, and in this case it may bewhdhat the FOCE method (without inter
action) often produces results similar to those obtained with a method described by Lindstrom and
Bates (1990). The first-ordeonditionalestimationmethodwith interactionis the FOCE method
applied with intraindividual mean-variance modelst kvithout the no interaction assumption.
FOCE with and without interaction are both supportédth the currently distributed NONMEM
code it is possible to apply the FOCE method with intraindividual models that are not aniean-v
ance models, but this code and its usage are not supported by the NONMEM Project Group.

A.3. TheFO Method

When the first-order approximation is used (Wi, replaced by% E(Cig' M), but when allg; are

taken to be O (the population mean valuendf the method is called the first-ord@tQO) estimation
method. With the first-order method, the termsQ ™74, andQ™7; in the Laplacian approximation are

0. Notethat since conditional estimates are not used, the first-order method is not a conditional estima-
tion method.

It can be shown that when intrainidiual mean-variance models are used, the method igasmtito the
first-order method as described, for example, in NONMEM Users Guidg  Rlso see e.g., Beal and
Sheiner (1985)). Such an earlier description is algenddelow in section A.6. These earlier descrip-
tions of the method apply only to mean-variance modé&igh the currently distributed NONMEM code

it is possible to apply the FO methad defined abee with intraindividual models that are not mean-
variance models, Uit this usage is not recommended, and the code is not supported by the NONMEM
Project Group.

A.4. TheHybrid Method

Suppose certain (but not all) elementg @fre chosen to be in a setthat the elements af correspond-

ing to the elements of are taken to be 0, and that the remaining elemenfs arfe taken to be those
given by the Bayes posterior mode gfunder the restriction that all elementsrpfn « are 0. The con-
ditional estimate thus defined is arample of a constrained conditional estimate. Suppose also that the
first-order approximation is made. Then the method ighaidh between the first-order method and the
FOCE method.Accordingly, this conditional estimation method is called tly®rd method. Note that

with the definition of thej, used with this method, in contrast with the definition used with the FOCE
and Laplacian methods, the last term in the Laplacian approximation is not O.

A hybrid method can be considered that uses a @eadtsion of the first-order approximatioGonsider
using the first-order approximationjtbonly for the submatrix of; consisting of just those partial sec-
ond dervatives such that the tw variables with respect to which the differentiation occurs ake imhis
method is not supported with the currently distributed NONMEM code.

When the intraindiidual models are statistical linear models (linear in the paramgjetke first-order
first-order conditional, ybrid, and Laplacian methods are all the same method, the classical maximum
likelihood method.
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A.5. The Centering Methods

Then; are assumed to be distributed in the population with meatéen thepopulationmodel fits the

data well, this will be reflected by theesage,s, of the conditional estimates of tiyg across the sam-

pled individuals (at the values of the population parameteen ¢y the model) being close to The
corverse does not necessarily holdwhens is close to 0, the fit will be called centere@here is noth-

ing about the methods defined abdhat insures that the fit will be centerethere are infrequently aris-

ing situations where theverage is "far" from 0, where the model does not fit well (as judged e.g. by the
differences y - fj (0,6) with mean-ariance intraindividual models) and where a method that is designed
to better center the fit might be trietb(see chapter Ill for some guidancé)ith a centeringstimation
method, the 77, are taken to be the unconstrained conditional estimates, and the approximation to
-2 log L is given by

=2log k(y,74i =) + log | + log ™" + FA| + (4" = 7)Q7( - 7)

With NONMEM, there are centering FOCE and Laplacian estimation methods (wittzigteraction).
A centering hybrid method is not implemented in NONMEM.

A.6. The Centering FOCE Method with the First-Order Model

The first-ordemodelis the population model which results when for all i, the itlergintraindividual
model is a mean-variance model with meafyE8) and variance-cgariance matrix r;; ¢), and this
model is replaced by another such model with mean

OE,
E.(0: (0 &)n:
(©:0) + 306,

and variance-c@riance matrix 0; ¢).

The linearity of they; under this model implies that the population expectation; @ ¥;(0; 8), the pre-

diction obtained by taking; to be 0, its population meanith mean-variance models, the FO estima-
tion method is sometimes described as the application of the maximum likelihood method to the first-
order model that results from thevga model, and when using this method, it is usual to judge goodness
of fit by the differences;y-f; (0;6). Whena onditional estimation method is used instead of the FO
method, a centered fit may result, confirming that the population meansgfish@ However, the given
intraindividual models are used, and yh@ay be nonlinear in the;. Therefore, conceably, f;(0;6)

may be a poor approximation to the populatigpeetation of y, and for this reason alone, an apparent
bias in the fit may result. Experience suggests, though, that this should not be a major concern (perhaps
because the nonlinear effect is small re@ the size of intraindividual variability in the residuals).

one is concerned, there are a couple of strategies one might use.

First, the NONMEM program allows the expectation of theoybe estimated by means of a couple dif-
ferent types of actual ingeation (and not just when the intraindividual models are of madance
kind); see NONMEM Users Guide aR VIIl. Second, when the intraindividual models are meai-v
ance models, NONMEM alws the first-order model to be obtained automatically from tengnodel

and used with the centering FOCE meth@dthe first-order model is used with the noncentering FOCE
method, the result is the same as that obtained with the FO metkididen a conditional estimation
method is needed (see chapter Ill), application of the centering FOCE method to the first-order model
that results from the gén model may yield adequate results, and of course, the expectatigruntigr

the first-order model is simply \g@n by f;(0;68). Moreover, due to the linearity of the intrainddual
models (of the first-order model) in thyg the computational requirement is substantially less than that
incurred with application of the (centering or noncentering) FOCE method tovimengodel. Thesav-

ings in CPU time is achied at he expense of possibly using too simple a model (and, of course is still
not as great a savings as is aekgewith the FO method).
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The first-order model may be used with the centering FOCE metbhbdpbwith the centering Lapla-

cian method (because due to the lineatitg result would be the same as that obtained with the center
ing FOCE method). Beveare that when this model is used with the centering FOCE method, the condi-
tional estimates produced by the method are based on the first-order intraindividual modelsviamlik

eve the noncentering FOCE method is used, where the conditional estimates are basedivanthe
intraindvidual models).It is possible nonetheless to obtain posthoc estimates based ovethmain-

dividual models, at the population estimates obtained from using the centering FOCE method with the
first-order model.A centering hybrid method is not implemented in NONMEM.

B. Mixture Models

On occasion, a model may need to incorporate a randomly dispersed parameter that has a possibly multi-
modal distrilution. Inthis case a mixture model may be usefTiis is a model where for each i, there

are sgeral possible intraindividual models, {MM,, ..., M, for y;, and it is assumed that the particular
model that actually describesig one of these, but it is not known which one. It is assumed that the
probability that it is M is p,, where g + p, + --- + p, = 1. Looselyput, the ith individual is chosen
randomly from a population divided into r subpopulations, their weladzes either being known or
unknovn. Thesubpopulation of which the inddual is a gren member is not observable, but for each
subpopulation, a model for data from an individual from the subpopulatioveilalde. Themixing
probabilities R correspond to the sizes of the subpopulations and are usually treated as parameters whose
values are unknown and are estimat®¥dith NONMEM, these probabilities can be modeled, i.e. related

to covariables, and therefore, can vary betweenviiddials. Theparameters of these relationships can be
estimated; theare included iny. To indicate this generalityhe g may be written p(¢) (the kth mix-

ing probability for the ith individual).

Suppose, forxample, that a clearance parameter of a pharmacokinetic model may be bimodally distrib-
uted in the population. Here iswdhis may be expressed with a population model. One may consider a
mixture model with tw intraindividual models for each individual: for the ith individual, one where the
individual's dearance is gen by

CL; = 61 exp(71) ®
and another where it isvgin by
CL; = 6, exp(17:2) (4)

(The parameterg;; andn;, are the first tvww dements ofy;.) For each i, the aluen; arises randomly (see
chapter I). For each i, a choice between theawwtraindvidual models is also viewed as one being made
in a random fashion, according to probabilitigsapd p (p, + p, =1). Asa result of this choice, a
value 77;, which is eithem;, or n7;, is dso "chosen".(Consequentlyif after ;;, say, is chosen, the alue

of n;, does not influence the datazyom the point of vier of not knowing what choices between intrain-
dividual models were actually made, the distribution ofithacross individuals is a mixture of dwior-

mal distributions, and the distribution of the;@a mixture of tw lognormal distributions.

The first two dements of the randonmaviables may hae the same or differentaviances, i.eQq; may or

may not equal),,. If these variances are sufficiently small, while the parameéieand 6, are sufi-
ciently far apart, and if both probabilities @nd p are sufficiently large (lweever in this regard, the \ari-
ances, th&'s, and the probabilities must actually be considered altogether), the distribution; & CL
bimodal. Oftenthe data may not allall of the different variances between mixture components, such
asQ;; andQ,,, to be wvell estimated, in which case the assumption might be made that Hreseces

are the same (a homoscedastic assumptidfijh NONMEM, this can be donexglicitly, or dterna-
tively, the "same;" can be used with both mixture components, ,g.can be used in (3) and also in
(4), instead ofy;,. NONMEM will understand thai;; is symbolizing tve "different 5’s", each hging
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the same variance.t

Other examples of mixture models may beegi SeeNONMEM Users Guide - &t VI, section Ill.L.2
for an example where the mixture model describes a mixture mfaint lognormal distributions for
clearance andolume,but which is ot a bimodal distrintion. The differences between the modelg M
need not be diérences concerning parametersytbeuld be differences in model fornThey can be
ary set of differences whatsoer.

The likelihood for y under a mixture model is
i
Li(y, Q) = kzl P (@)L (@, Q)

where L is the likelihood function for yunder the the kth possible intraindividual model for vidtiial
i. With a mixture model, gnof the estimation methods described in section A uses the defining approxi-
mation for the method with each of thg,lk =1, ..., r.

With a set of values for the population paramegei@and Q, NONMEM classifies each individual into
one of the subpopulations. Thelassification gies the most probable subpopulation of which the indi-
vidual is a memberFor each k, the empirical Bayes (marginal) posterior probability tHatdescribed
by My, given y;, is computed by [R(¥)Lik (@, Q)])/Li(w, Q). Theindividual is classified into the kth sub-
population if the kth probability is the largest among these r values.

T With NONMEM Version 1V the samey can also be used, and NONMEM will understand that it is sym-
bolizing two differents’s with the same variancprovided the first-order estimation method is used
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I11. Usage Guidelines

A. Background

Marny data sets (real and simulatedvbdeen examined using the first-order (FO) estimation method
and, more recentlthe conditional estimation method$Vith mary population pharmacokinetic data
sets, the FO method works fairly well. It requiras iess CPU time than does a conditional estimation
method. Hwever, from the time of its earliest usage there has been a small numb&ngbles where

the method has notatked adequatelyEvidence suggesting that the method may not be adequate with a
particular data set can be readily obtained with the goodness-of-fit scatterplot: with ariaanev
intraindvidual models, a plot of observations versus (population) predicti©assider tw such scatter

plots in Figures 1 and 2. The one in Figure 1, resulting from use of the FO methaesl astlear bias in

the fit. The data result from single oral bolus doses bewendo a rumber of subjects; the data are
modeled with a t@ compartment linear model with first-order absorption from a drug déjjut. scat-
terplot in Figure 2 results from use of the FOCE method without interaction. Much of the bias is elimi-
nated with the use of this methoth this situation, the benefit from the extra expenditure of computer
time that is needed with the method is substantial.

The Laplacian method can use considerably more computer time than the FOCE method, depending on
the complexity of the computations for obtaining needed seconehtides. Inthis example, thexéra
expenditure of computer time needed with the Laplacian method is not much, but the benefit is also not
much. Thescatterplot resulting from using the Laplacian method is very similar to that of Figure 2.

The Laplacian method should perform no worse than the FOCE method (the feoidsttlae first-order
approximation). Thé&OCE method should perform no worse than the FO method (the agadube
first-order approximation is better when theare @auated at the conditional estimates, rather than at

0). Similarly the hybrid method should also perform norse than the FO method, but perhaps not as
well as the FOCE method. (See e.g. Figure 3, which is the goodness-of-fit plot for the same data
described abee, using the hybrid method (with twout of four ;’'s "zeroed".)) Thisdefines a type of
hierarcly to the methods.

The need to proceed up the hiergrétom the FO method increases as the degree to which the intraindi-
vidual models are nonlinear in theincreases. Theeed to use the Laplacian method increases because
as the degree of nonlinearity increases, the adgqufathe first-order approximation decreasdse

need to use the FOCE method increases because agtbe denonlinearity increases, the adeguzic

the first-order approximation depends more on the values at whigh) dine @aluated.

Population (structurally) linear pharmacokinetic models are often rather linear (as just defined), although
the degree of nonlinearity increases with the degree of multiple doaiitly.these models the Laplacian
method is rarelyif ever, needed. Wh simple bolus dosing, the FOCE method is often not needed,
although the example cited algoserves as a reminder not to interpret this last assertion too optimisti-
cally. On the other hand, population nonlinear pharmacokinetic models (e.g. models with Michaelis-
Menten elimination) can be quite nonline®opulation pharmacodynamic models also can be quite non-
linear, and especially with models for categorical- and discrete-ordinal-type observations, the Laplacian
method is imariably the best choice.

The ability of a conditional estimation method to produce results different from those obtained with the
FO method decreases as thgrde of random interindividualaviablity, i.e. "the size" ofQ decreases.

This is because the conditional methods use conditional estimatesmpfitéch are all shrunken to 0,

and the shrinkage is greater the smaller the siZe. ofhe value 0 is the value used for tfjewith the
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FO method. Similarly, the ability of FOCE to produce results different from those obtained with the
hybrid method decreases as thgrée of random interindividuahbviablity, i.e. "the size" of) decreases.

In fact, suppose one tries to use the FOCE method and finds that some estimates of interingiixidual v
ances are rather large compared to oth&hen using the hybrid method where those elementsagth

small variance are "zeroed", may well result in a fit about as good as that using FOCE (in contrast to that
shawn in Figure 3), and if the number of elementg dat are zeroed is large relagito the total number

of elements, CPU time may be significantly reduced.

The ability of a conditional estimation method to produce results different from those obtained with the
FO method decreases as the amount of data per individual decreases. This is because the conditional
methods use conditional estimates of ghaevhich are all shrunken to 0, and the shrinkage is greater the

less the amount of data per wmidual. Actually the amount of data from the ith individual should be
measured relate © the number of parameters in the model for the individual, i.e. the number of ele-
ments ofy; upon which the model really dependss the number of parameters increases, the amount of
data decreases, and can "approachAl8o, strictly speaking, the amount of data might be understood as
being relatie 1 the "data design" (the poorer the design, the less useful the data) and the magnitude of
intraindividual error (the more errdhe less useful the data).

With intraindividual mean-ariance models where it may appear theoretically plausible that there is an
n, e-interaction, it might seem more appropriate to use the FOCE method with interaction than to use the
FOCE method without interactiorHHowever, when the amount of (true) intrainétlual variance is lge

(though the intraindidual models may be structurally well-specified), or the amount of data pedindi

ual is small, it will be difficult for the data to supportmare interaction, in which case the FOCE method

with interaction may produce no impement wer the FOCE method without interactio®therwise,

and especially when intraindividuaadnance is small for some observations, but not for others due to
structural model misspecification, and when there is considerable interindivatiaibty, the FOCE
method with no interaction can lead to a noticeably biased fit (as can the FO method).

There seems to be no consistent relationship betweenathe of the objecte function using one
method and the value of the objeetifunction using another method. Therefore, obyecfiinction \al-
ues should not be compared across methéttsvever, objective function \alues (in conjunction with
graphical output) can provide a very useful way to compare altegmabdels, as long as the values are
obtained using the same method.

B. Modd Form

Unless interindividual ariability is small, use of a random interindividual effect in the model should be
such that quantities that depend on the effect avayalcomputed with physically meaningfuhlues.
For example, rather than model a clearance parameter by

CLi=6, + ni,
it is better to use
CL; = 6, exp(7i1)

since clearance shouldaglys be positie. With the FO method, use of either model produces essentially
the same resultgThe formulas for clearance and for the daives of dearance with respect tg, are
computed only with thealuen;; =0.) However, with a conditional estimation method, féifent \alues

of n;; are tried. A negdive value for CL can result with the first model, especially wifen is large and
large ngaive values ofr;; are tried.

To take another example: Suppose that with the one compartment linear model with first-order absorption
from a drug depot, it is assumed that pharmacokinetjdalyall individuals, the rate constant of absorp-
tion exceeds the rate constant of elimination, i.e; KKE;. Instead of

11
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KA; =6, exp(ni1)

KE; = 6, exp (72)
one should use
(KA —KE); = 61 exXp (7711)

KE; = 6, exp (172)

and constrain both; and 8, to be positre. Agan, with the FO method, use of either model produces
essentially the same results. The problem with the first model is that when using a conditional estimation
method, ag;; andn;, vary, the value of KiEcan exceed KA due to "flip-flop". As this can happen, or

not, from one individual to the rg if it happens at all, the conditional estimation method will "become
confused" anddil. Theconditional estimation method by itself has no way of knowing that it has been
assumed that KBwill not exceed KA, and it cannot distinguish flip-flop from this possibilit{f phar
macokinetically KE; may exceed KA and vice versa, then if flip-flop occurs, again the conditional esti-
mation method will become confused, not being able to distinguish flip-flop from these possihiiities, b

in this case, a modification of the model will not help.)

Consider again the simple model for a clearance parameter,
CLi = 61exp(7:1)

With the FO method, all destives with respect toy are @aluated at 0.Consequentlyin effect, a trans-
formed model for CLis used: a first-order approximationsin of the right side of the equation,

CLi =6, + 611

This is a constant cv type modaNith the FO method, no matter whether thesgimodel or the trans-
formed model is "used", the results of the analysis will be the sdaimesame is trueven if covariates

are irvolved. Havever, when a population conditional estimation method is used, the results of the anal-
ysis will differ between the tvmodels, as devatives with respect toy are @aluated at conditional esti-
mates.

C. Roleof the FO Method

The following general guidelines are offered so that conditional estimation methods are used only when
necessaryand thus unnecessary expenditure of computer time and other difficulties that sometimes arise
with conditional estimation methods (see section D) eoelad. The are based on impressions, rather

than systematic studyClearly, there will arise situations where alternatgpproaches might be tried.

If the model is of a very nonlinear kind (see section A), then from the outset, a conditional method might
be used instead of the FO methdddeed, with models for categorical- and discrete-ordinal type -obser
vations, the Laplacian method shouldvays be used, and the remainder of this discussion concerns the
use of conditional estimation methods with models for continuous outcomes (more préwsielyain-
dividual models are of mean-variance type).

When analyzing a medata set and/or using @&y nev model with the data set, it is a good practice to

use the FO method with at least the first one orR@NMEM runs, in order to simply check the data set

and control stream. The Estimation Steps with these runs should terminate succekitbfuligh if a
conditional estimation method is really needed, the results thesaselay not be entirely saastory.

At this very early stage of data analysis, the user needs to be able to detect elementary errors that may
have been introduced into the data set or control stream, and to be able to detect significant modeling dif-
ficulties. Thiscannot be done easily if other unrelated problems that can arise with conditional estima-
tion methods interfere.

12
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One might do well to begin to ddop a complete model, incorporating thevarates, etc., using the FO
method. Decisionsegarding the efects of cwariates on randomly dispersed parameters are aided by
examining scatterplots of conditional estimates versus particulariates. Whenthe FO method is

used, the posthoc estimates are the conditional estimates that are used for this pditgroseappears

that the model can be#oped no furtherthere nonetheless exists appreciable bias in the final fit, think
about hav this bias might be well-explained by model misspecification that has not been possible to
address (e.g. there is a ko covariate effect, and the geriate has not been measured). The use of an
estimation method cannot really compensate for bias due to model misspecification, and one should not
imagine that a conditional estimation method ig different.

After model dgelopment is complete using the FO method, if there seems to be no bias in the fit, you
might simply want to do one run with FOCE to check this impresdioatter this, the fit does not sig-
nificantly improvse, you can stop. After model ddopment is complete using the FO method, if there
seems to be no bias in the fit, consider doing one run with FOCE to obtain the best possible estimates of
variance-c@ariance components. Themance-cuariance components are often estimated better using
FOCE (but realize that sometimes,\thmay be estimatedery similarly by FO - see discussion in sec-

tion A), and when these estimates are important to you, it can thereforthevkile investing the time

needed with the additional FOCE rult.is not necessary to use FOCE to sharpen the estimatesi-of v
ance-coariance components until after an adequate modebidajeed using the FO method.

After model deelopment is complete using the FO method, if appreciable unexplainable bias remains,
do try using FOCE.Indeed, do not hesitate to try FOCE before mode¢ldpment is complete when a
number of initial concientious attempts to imypeEoyour model using FO ke resulted inconsiderable

bias, and when conditions are such thaxiori, the FO and FOCE results are not expected toebg v
similar (see background section). When the intraiddial models you are using permit the possibility

of an n, e-interaction that the data may be rich enough to support, try FOCE with interdétiba.use

of FOCE significantly reduces the bias, continue iElde the model using FOCEOr, before embark-

ing on continued model delopment, first experiment with theylbrid method to see whether this pro-
duces as much bias reduction as does FOCE, along with significanvémprd in run time wer FOCE.
Continued model delopment may entail repeating much of the work already done with the FO method.
In particular try adding ceariates rejected when using the FO method, and reconsider aitemayis

that the cwariates already accepted can enter the model. As a result of the abgednin possibly
needing to repeat work already undeetakvith the FO method, the question ofvnapon one begins to

try FOCE is not clearly answerabl8urely increased computational times must be considered, and usu-
ally one vants to delay using a conditional estimation method until use of such a method seems to be
clearly indicated.

The model might be very nonlineam which case try the Laplacian methddlafter using the FOCE and
Laplacian conditional estimation methods, an appropriate goodness-of-fit plot is antatisthen
there is very likely a modeling difficultgnd one must seriously acknowledge this.

D. Roleof Centering Methods

If after concientious modeling using the appropriate (noncentering) conditional estimation method(s), a
model results with which substantial bias still appears in the fit, there is probably a model-sglkted e
nation for this, though it may allude one. In these circumstances, one may want to proceed to obtain the
best possible fit with the model in handihe fit that has been obtained using the noncentering condi-
tional estimation method is not necessarily the best fit that may be obtained with the misspecified model.

The bias may be reflected by an uncenteredViihen a population conditional estimation method is
used, the werage conditional estimate for each elemeng @ given in NONMEM output (the condi-
tional estimates beingreraged are those produced by the method), along withadu-that can be used
to help assess whether thigage is sufficiently close to 0 (the nulfgothesis). Theccurence of at
least one small P-value (less than 0.05, though when tléuB-¢ small, it can be much less than 0.05)

13
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indicates an uncentered fit.

A centering method might be tried. Using centering FOCE or centering Laplacian, one should notice that
the P-values are sombat larger (although perhaps some are still less than 0.05), and often one will also
notice considerable impvement in the fit to the data themsedv Wherit is necessary to use a centering
method, the population parameter estimates (at least those identified with the misspecified part of the
model) are themselves of little interest; population predictions under the fitted model are what is of inter
est. Alsobecause the model is misspecified, one should anticipate possible problems withaibale! v

tion and model applicationsviolving extrapolation.

Although it may be that (at least in certain specifiable situations) fits with centering methods are in gen-
eral no worse than those obtained with appropriate noncentering methods, this idea is not yet well
enough testedMoreover, routine use of centering methods will mask modeling proble@entering
methods should be used only when, after concientious modeling, bias in fit seeoidalobe. CEN-
TERING METHODS SHOULD NO BE ROUTINELY USED. Whenthe model is well-specified, it
seems unlikly that when using an appropriate noncentering method, bias in fit will result, and there
should be no expectation thatydarther impraement can be gained with a centering method.

Even when the fit is centered, it may be possible (though rare) that the fit to the data #dsestiklv
shavs bias (see remarks in chapter IQne might then also use centering FOCE with the first-order
model, subject to the same cautiongegicbove. (Recall that in this case, the conditional estimates of
the n; resulting from the centering method are based on linear intraindividual models. When centering is
actually needed, these conditional estimates should probably be adequate feenyhuapmses condi-

tional estimates might be usell.is possible nonetheless to obtain posthoc estimates based owethe gi
intraindividual models.)

Even when a model is well-specified, it may be so complicated (e.g. it uSesltddifferential equa-
tions) that to use it with a conditional estimation method requires a great amount of computén time.
this case, if indeed a conditional estimation method is needed, one might use centering FOCE with the
first-order model, wen though centering per se may not be needadthis situation, use of centering,
along with the first-order model, is just avibe allowing a conditional estimation method to be imple-
mented with less of a computationairtden. Acompromise is achied; the fit should appear to be an
improvement wer that obtained with the FO fitubit may not be quite as good as one obtained with the
noncentering FOCE or Laplacian metho@ecause the first-order model is automatically obtained from
the gven model, the final form of the gen model (obtained after completing modelvdepment) is
readily available, and with this model, one might try to implement one run using either the noncentering
FOCE or Laplacian methods and compare results.

E. Role of theHybrid Method

As already noted in section A, use of tlydtid method may require appreciably less computer time than
the FOCE method and yet result in as good a fit. There is another important use of this method.

A change-poinparametenf the ith intraindvidual model is a parameter of the model such that fgr an
value of y, the denvative d |; with respect to this parametevaluated at some value of the parameter (a
change-poinvalue ), is undefined. Anxample of this is an absorption lagtime parameter A of a phar
macokinetic model for blood concentrations Gpa dose is gien at ime 0, then the desdtive d the
pharmacokinetic xpression for Cp at time t with respect to Adeated at A=t is uindefined. Sdf
moreq/er, an obsenation y; occurs at time t (so that the expression for Cp mustvbleiaed at this
time), then the derétive o |; evduated at A=t is undefined (for ay value of y or for ary of the other
obsenations of y). Thereforeunder these circumstances, if the change-point parameter is randomly dis-
persed, ang; may assume a value at which=A, thenTl; is undefined at this value, and, strictly speak-
ing, all estimation methods described in chapter Il are undefBedpractically speaking, a method will
fail only when, during the search to minimizg log L, a value of7; at which A=t cannot be eoided.

A symptom that this is happening, when there is a randomly dispersed change-point pararaeter
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search terminization with a large gradient, i.e. some gradient element$ arddger Often, a lagtime

is estimated to be very near the time of the first observation within an individual record, and so the prob-
lem described here can be a very real probl&me remedy is to delete observations at times that are too
close to estimated lag timebklowever, aside from entailing the deletion of legitimate data, there can also

be implementation problems with this strategy.

If the hybrid method is used, and the element(g) afsociated with the change-point parameter - denote
this by¢ - is zeroed, this reduces the number (acroswiddals) of \alues’; at whichl; could possibly

be undefined in the computation, as only thii@ of the change-point parameter for the typical subject is
needed in the computatiotndeed, unless the change-point parameter itself depends variates only

at the \alue Z; =0 canT; possibly be undefined in the computation. Thus, the chance of the problem
occurring is reduced (but not eliminated).t

F. Problems

A conditional estimation method can demonstrate somewhat more sensitivity to rounding error problems
during the Estmation Step than will the FO meth@¢hen the search for parameter estimates terminates
with rounding error problems, oftentimes intermediate output from the Estimation Step will indicate the
accurag with which each of the final parameter estimates has been obt&aeekample, 3 significant

digits may be requested for each estimate, but for some estimates, less than 3 digits is actually obtained.
If only a little less than 3 digits is obtained (e.g. 2.7-2.9), and if the gradient vector of theveljjeuti

tion with the final parameter estimates is small (e.g. no element is greater than 5 in abk@jitehen

this degree of accurads probably acceptable. If much less accyrac dbtained, but only with those
estimates where this might be expected and where this is tolerable (e.g. estiffatdsroénts), then

again, one might rgard the Estimation Step as having terminated successfiilhe order of the parame-

ter estimates printed in the iteration summaries is:gthen their subscripted ordefollowed by the
(unconstrained}) elements, followed by the (unconstrain@dglements. Note¢hough, that these esti-

mates are those of the scaled transformed parameters (STP), rather than the original parameters; see
NONMEM Users Guide - Part |, section C.3.5.1.)

With a conditional estimation method (in contrast with the FO method), NONMEM can more readily ter
minate during the Estimation Step with a PRED error message indicating e.g. that avableaNalue

for a parameter has been computed in PRED code, perhagdiaenelue for a rate constant.tt This is
because a parameter may be randomly dispersed, and with a conditional estimation raket®dfy

different from O are tried, as well as are different valueg ahd some of thesealues might result in a
nonallovable value of the parametelf such a termination occurs, then, if not already doing so, consider
modeling the parameter in awthat preents it from assuming a nonallable value, e.g if the parame-

ter cannot be mggtive, consider using a model such as B, exp(r71) (see section B). Sometimes this
cannot completely soévthe problem, e.g. if the parameter cannot also be 0, the modeMesingl not

insure this £, can be ery large and rggtive). So,a termination may still occurThe next step is to try

to include theNOABORT option on the $ESTIMAION record (see NONMEM Users Guide - Part IV
section IVG.2). Havever, doing so will hae ro dfect if the termination occurs during the Oth itera-
tion.TT1 TheNOABORT option actvates one type of PRED erroecovery (THETA-recovery), and the

other type (EA-recovery) is always actvated, without using the option. So the option may not need to

be used initiallyand if PREDPP is being used, tovikeased the option before a termination has actually
occured has the detrimental effect that this can mask the occurrence of an error detected by #REDPP
which the user needs to be informadtfith PREDPPnever use théeNOABORT option untilyou have had

an opportunity (i) to see what happens when you do not use it, i.e. to see the contents of PRED error mes-
sages that might arise when you do not use the option, (ii) to respond, if possible, to these messages in a

T Keep in mind that with the hybrid methodge though the elements ¢fare zeroed, an estimate of the
magnitude of random interindividual variability in the parameter is still obtained.
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sensible way (other than using the option), and (iii) to see what happens aftevegabrigthis.

Perhaps the operating system, rather than NONMEM, terminates the program with a message indicating
the occurrence of a floating point exception in a-gsele. Agin, this may be because @ues is tried

which results in the exception whenalue of a randomly dispersed parameter is computiedlerflows

are ignorable, and terminations due to underflows should be disabled (see NONMEM Users Gutide - P
II). With an operand errpor overflow, or zero-dvide, the user needs to identify where theeption
occurs in the codeFor this purpose, the use of a dglger or debugging print statements in the code,
may be helpful. Then perhaps the exception maywbiled by using PRED errgecovery in the user

code, i.e. by using the EXIT statement with return code 1 (see NONMEM Users Guide - Bzatidvi
IV.G.2). Ty this, and rerunlf with the earlier run, the termination occured after the Oth iteration, and if
PREDPP is not being used, rerun the problem usini@A8ORT option on the $ESTIMATION record.

If the termination occured after the Oth iteration, and if PREDPP is being used, rgrdo,not use the
NOABORT option If the termination still occurs, then rerun a second time, this time usilNDKRORT
option. Ifthe termination occurs during the Oth iteration, NGABORT option has no é&fct. Sucha ter-
mination can arise due to a problem with either the data set, user code, or control Biféznemt initial
estimates might be tried (perhaps smaller interindividual variances).

t1 An PRED error message arises when PRED-ezoavery (see NONMEM Users Guide - Part, I8c-

tion IV.G) is used in a userPRED code, or if PREDPP is used, in a us@K or RROR code.PREDPP

itself uses PRED error-regery.

t11 A termination during the Oth iteration can arise due to a problem with either the data set, user code, or
control stream. Different initial estimates might be tried (perhaps smaller interindividual variances).
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